
Section 11-3, Mathematics 104 
 

Log Functions 
 
A log function is an inverse exponential function. 
 
Log functions are very difficult to understand and work with, unless you remember 
 
A log function is an inverse exponential function 
 
Let's see how this works. 
 

Consider the exponential function ( ) 10xf x =  

 

x ( )f x  

0 1 

1 10 

2 100 

3 1000 

-1 1/10 

-2 1/100 

-3 1/1000 

 
The inverse of this function is written  
 

( )1

10logf x x− =  

 

x ( )1f x−  

1 0 

10 1 

100 2 

1000 3 

1/10 -1 

1/100 -2 

1/1000 -3 

 
From this table, you should notice that a log is an exponent.  This is something to keep in 
mind when dealing with logs. 
 
 
 
 
 



Exponential function 
 
Example: 

 ( ) 2xf x =  

 

 ( )1

2logf x x− =  

 

 ( ) 44 2 16f = =  

 

 ( )1

216 log 16 4f − = =  

 
Example: 
 

 ( ) 16xf x =  

 

 ( )1

16logf x x− =  

 

 1/ 21
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 ( )1

16

1
4 log 4

2
f − = =  

 
 Notice: 

 ( )1

10.001 log .001 3f − = = −  because 310 .001− =  

 
 
So please remember,  A LOG IS AN EXPONENT! 
 
Here's what I mean by that. 
 

10log 1000 3=  

 
So 3 is an exponent. 
 

That is 310 1000=  
 
Logs are one of the most confusing ideas we will learn.    
 
That doesn't mean you have to be confused.    
 



A Word on Notation 
 
The following is included so to try to de-confuse you on notation. 
 

For an exponential function xa , the a is called the base. 
 
We use the same name for log functions. 
 

So we say 10log x as "Log to the base 10 of x" 

 
There are two very common values you will see used as the bases for log functions. 
 
They are 10 and e the Euler constant. 
 

Graph of log functions 
 
Since a log function is the inverse of an exponential function, you would expect they 
would be mirror images across y=x like all inverse functions. 
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g x( ) = log x( )

f x( ) = 10x

 
 
 
 
While we have been only looking at integer values so far, the log function like the 
exponential function is a smooth continuous function so every value in the domain has a 
value in the range.



Properties of Log Functions 

 
All of the properties of log functions can be derived from the fact that 
 
A log function is an inverse exponential function 
 
 

1. 0 1a =    log 1 0a =      

    (Remember a is the base, 0 is a log so it is an exponent 
 

2. 1a a=    log 1a a =  

 

3. x xa a=    log x

a a x=  

 

Note that 3. is an expression of the property of inverse functions and the  fact that xa  and 

loga x are inverse functions.  Number 4. is the other property of inverse functions. 

 

4.    loga xa x=  
 

Multiplying and Dividing by adding and multiplying Logs 

 

5. x y x ya a a+ = ⋅   log log loga a ax y xy+ =  

 

6. x y x ya a a+ = ⋅   log log loga a a

x
x y

y
− =  

 
Stare at these two properties until they make sense. 
 
Consider that 
 

( )2 2x xa a=    
2log log log 2loga a a ax x x x= + =  

 
So we get 
 

7. ( )bx bxa a=    log logb

a ax b x=  

 



Examples: 
 
Calculating 

4

2 2 2 2 2

80
log 80 log 5 log log 16 log 2 4

5
− = = = = : 

 
3

4 4 4 4 4log 2 log 32 log 32 2 log 64 log 4 3+ = ⋅ = = =  

 

1/3

10 10 10 10 101/3 3

1 1 1 1
log 8 log 8 log log log .301

3 8 28

−− = = = = = −  

 
The last step requires a table or a calculator. 
 
 
Expanding 
 

2 2 2 2 2 2log 6 log 2 log 3 log 1 log 3 logx x x= + + = + +  

 
3 6 3 6

5 5 5 5 5log log log 3log 6logx y x y x y= + = +  

 

1/33

3

ln
ln ln ln ln ln ln ln ln ln

3

ab c
a b c a b c a b

c
= + − = + − = + −  

 
Combining 
 

( ) ( )3 31
3log log 1 log log 1 log 1

2
x x x x x x+ + = + + = +  

 

( ) ( )
( )

3
4

2 3 2

4
2

1
3ln ln 4 ln 1 ln ln ln 1 ln

2 1

s t
s t t s t t

t

 
+ + − + = + − + =

 + 

 

 



Base 10 Logs 

 

History Lesson 

 

 For many years before scientific calculators became available and inexpensive, 
scientists would use base 10 logarithms to do calculations.   They would use Log Tables. 
 

Log tables would have logs for the numbers 1 10x< < .   This was called a Mantissa.  
The part of the log that represented a power of 10 was called the Characteristic. 
 
Someone using the tables would need keep track of where the decimal point was. 
 
Here's the process for multiplying two numbers. 
 
1) Look up the first number in the tables and get the mantissa. 
This could include doing a linear interpolation between two table values to get one more 
digit. 
 
2)  Add the characteristic. 
 
3) Repeat for the second number 
 
4) Add the two logs together  (Remember adding logs is multiplying) 
 
5) look up the new mantissa in the table in reverse, again interpolating to get the 5th digit. 
 
6) Adjust the number's decimal point by the new characteristic. 
 
 
This was much faster than multiplying two 5 digits numbers, the alternative.



 

 
Note this is 1 of 20 pages one might use.   The last column "Proportional Parts" 
was used to help with the linear interpolation. 



For less accurate but quicker results, scientists and students would use a Slide Ruler. 
 
 

 
 
 
 

 
 
 
The different lines on the ruler, eg. A, B, K, D, L are because the ruler could do other 
calculations such as square and cubed roots. 
 
A slider ruler could cost anywhere from $5 for a cheap plastic one to over a hundred 
dollars for a fancy aluminum model. 
 
A student carrying a slide ruler around was a sure sign that he was a science nerd. 
 
This was when being a nerd was considered a very bad thing. 



The Change of Base Formula 

 

This is the hardest thing to remember with logs.  
 

log
log

log

b
a

b

x
x

a
=  

 
Example: 
 

Evaluate 8log 5  

 

10
8

10

log 5
log 5 .77398

log 8
= =  

 
 
 
 


